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Abstract
This paper identifies a class of homology n-spheres that are codimension-(n + 1) shape msimpl-fibrators but are not shape
msimpl-fibrators (a concept introduced by the author). Actually, the main result (Theorem 4.4) provides more general description
of n-manifolds that are codimension-(k + 1) shape msimpl-fibrators for 2  k  n. It establishes that any closed orientable PL
n-manifold homotopically determined by π1, with Hopfian fundamental group and Hi(N) = 0 for 0 < i < k  n, where k  2, is
a codimension-(k + 1) shape msimpl-fibrator.
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0. Introduction
In this paper we continue investigating the proper mappings from (n + k)-manifolds onto triangulated manifolds,
that have closed manifolds as point preimages, in the PL setting introduced in [22].
In studying proper maps between manifolds, approximate fibrations introduced and studied by Coram and Duvall
[2,3] form an important class of mappings nearly as effective as Hurewicz fibrations. Approximate fibrations are
proper mappings which satisfy an approximate version of the homotopy lifting property defining the more familiar
class of fibrations. Their most useful property is the existence of an exact sequence involving the homotopy groups of
domain, target and shape-theoretical homotopy groups of any point inverse of p. When working with a PL approximate
fibration these properties of an approximate fibration reduce to the usual properties of Hurewicz fibration because the
fibers are ANRs, so the ith shape homotopy groups are isomorphic to ith homotopy groups. Also, it is well known
that if a proper map is an approximate fibration, then the point inverses are shape equivalent to each other. Naturally,
the question arises about conditions under which the converse of this fact holds.
To address this question, Daverman introduced the concept of codimension-k (orientable) fibrator [5], and later the
concept of PL (orientable) fibrator [6]. In [22] the author investigated the concept of PL fibrators in a slightly different
PL setting by introducing the concept of codimension-k shape msimpl(o)-fibrator and more generally the concept of
shape msimpl(o)-fibrator.
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V. Vasilevska / Topology and its Applications 155 (2008) 1140–1148 1141Introducing the new concept of a PL fibrator was motivated by the fact that Daverman showed that most homology
n-spheres are codimension-n fibrators [9, Corollary 4.9], but no homology n-sphere is a codimension-(n+ 1) fibrator
[9, Remark, p. 251]. He, however, also showed that in the PL setting some homology 3-spheres are PL o-fibrators [6,
Theorem 5.10]. This extreme disparity makes the PL setting appear too limited. By widening the PL setting slightly
in [22], we understood that these homology spheres are NOT shape msimpl-fibrators, the new category, since they fail
to have this property in codimension-5 [22, Example 8.3].
Here we continue investigating the fibrators properties of the homology n-spheres. Section 3 provides results
that show most homology n spheres are codimension-n shape msimpl-fibrators. Since some of them fail to have this
property in codimension-(n+ 2) [22, Example 8.3], the obvious question to ask next is what happens in codimension-
(n+1). The main question that we address in this paper is: Which homology n-spheres are codimension-(n+1) shape
msimpl-fibrators?
Section 4 presents the answer to this question. The main result, Theorem 4.4, establishes that any closed orientable
PL n-manifold homotopically determined by π1, with Hopfian fundamental group and Hi(N) = 0 for 0 < i < k  n
and k  2, is a codimension-(k + 1) shape msimpl-fibrator. As a consequence, all homology n-spheres that are ho-
motopically determined by π1 and have Hopfian fundamental groups, are codimension-(n+ 1) shape msimpl-fibrators
(Corollary 4.6).
1. Definitions and notations
The symbols , ≈, and ∼= denote homotopy, homeomorphism, and isomorphism in that order, and homology
and cohomology groups will be computed with integer coefficients. For the terminology and definitions used for the
material on piecewise linear topology see [19]. As usual, space means topological space and maps are continuous
functions. All spaces are assumed to be locally compact, ANR. A manifold is understood to be connected, metric, and
boundaryless; when boundary is allowed, the object will be called a manifold with boundary.
If B is a simplicial complex, then B(j) denotes the j -skeleton of B .
A map f :N → N ′ between closed orientable n-manifolds is said to have (absolute) degree d if there are choices
of generators γ ∈ Hn(N) ∼= Z, γ ′ ∈ Hn(N ′) ∼= Z, such that f∗(γ ) = dγ ′, where d  0 is an integer. The Hopfian
manifold is a closed orientable manifold such that every degree one self map which induces a π1-isomorphism is a
homotopy equivalence. Some examples of Hopfian manifolds: every closed orientable n-manifold that (1) is simply
connected; or (2) has a finite fundamental group; or (3) has a Hopfian fundamental group and n 4 [14,21].
A manifold N is homotopically determined by π1 [10] if every self map f :N → N that induces a π1-isomorphism
is a homotopy equivalence. Note that no closed n-manifold, n > 1, with free fundamental group is homotopically
determined by π1: such a space can be mapped to a wedge of circles and the wedge, in turn, can be mapped into N ,
where each of the maps involved induces a π1-isomorphism. Aspherical manifolds [13, p. 343] are common examples
of manifolds determined by π1. Additional examples are presented in [10].
A closed manifold N with a non-trivial fundamental group is special manifold [22] if all self maps with non-
trivial normal images on the π1-level are homotopy equivalences. All closed orientable surfaces with negative Euler
characteristic are special manifolds [22, Theorem 3.2]. For more examples of special manifolds see [22].
A proper, surjective map p :E → B between locally compact ANRs is an approximate fibration if p satisfies
the following approximate homotopy lifting property: for an arbitrary space X, and given a cover U of B and maps
g :X → E and H :X × [0,1] → B , such that pg = H0, there exists a map H˜ :X × [0,1] → E, such that H˜0 = g and
pH˜ and H are U-close (i.e., for each z ∈ X × [0,1], there exists a Uz ∈ U such that {H(z),pH˜ (z)} ⊂ Uz).
Throughout the rest of this paper M will denote a closed PL (n + k)-manifold, B a polyhedron and p :M → B is
a proper surjective PL map. Let N be a fixed closed PL n-manifold. We call the map p an N -shaped PL map if each
fiber p−1(b), b ∈ B , has the homotopy type (or more generally the shape [1]) of N .
The closed, PL n-manifold N is called a codimension-k shape msimpl-fibrator [22] if for every closed PL (n + k)-
manifold M and N -shaped PL map p :M → B , where B is a simplicial triangulated k-manifold, p is an approximate
fibration. The abbreviation msimpl tells us that we have a simplicial triangulated manifold as a target space.
Similarly, we call N a codimension-k shape orientable msimpl-fibrator if for every closed orientable PL (n + k)-
manifold M and N -shaped PL map p :M → B , where B is a simplicial triangulated k-manifold, p is an approximate
fibration. We abbreviate this by writing that N is a codimension-k shape msimplo-fibrator.
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shape msimpl-fibrator (shape msimplo-fibrator).
Let p :M → B be an N -shaped PL map. The continuity set of p, denoted as C, consists of all points b ∈ B such
that under any retraction R :p−1U → p−1b defined over a neighborhood U ⊂ B of b, b has another neighborhood
Vb ⊂ U , such that for all x ∈ Vb , R| :p−1x → p−1b is a degree one map.
Recall that a group G is Hopfian if every epimorphism ϕ :G → G is an automorphism.
Generally, analysis of fibrator properties applies mostly to Hopfian manifolds N with Hopfian fundamental groups,
simply because a map f :N → N is a homotopy equivalence if and only if the (absolute) degree of f equals 1.
A group G is hyper-Hopfian [7] if every homomorphism ϕ :G → G with ϕ(G)G and G/ϕ(G) cyclic is neces-
sarily an automorphism.
2. Continuity set and approximate fibrations
For given N -shaped PL map p, establishing that the target space equals the continuity set p is the foundation for
showing that p is an approximate fibration.
The following observation follows immediately from the definition of Hopfian manifold and from Coram and
Duvall’s characterization of approximate fibrations in terms of movability properties [3, Proposition 3.6].
Lemma 2.1. Let N be a Hopfian n-manifold with Hopfian fundamental group, and p :Mn+k → Bk be an N -shaped
PL map, where M is a closed orientable PL (n+ k)-manifold and B is a polyhedron. Then C, the continuity set of p,
is equal to B if and only if p is an approximate fibration over B .
The following results will be used frequently within the next two sections.
Theorem 2.2. Let N be a Hopfian manifold that is a codimension-(k − 1) shape msimplo-fibrator and let
p :Mn+k → Bk be an N -shaped PL map, where M is a closed orientable PL (n + k)-manifold and B is a poly-
hedron. Then the continuity set C of p satisfies C ⊃ B \B(1).
Proof. The case k = 1 is trivial. Assume the result is true in codimension less than k. Since C ⊃ B \ B(k−2) [6,
Theorem 3.3], we only need to show that for arbitrary simplex σ with 1 < dimσ  k − 2, Intσ ⊂ C. To prove
this we will use the observation that for every simplex σ in a complex B and every x ∈ Intσ , there exists a PL
homeomorphism Ψσ :p−1(Intσ) → p−1x × Intσ with π2Ψσ = p, where π2 is a projection map onto the second
factor [18, Proposition 2.1.2]. Consequently,
C ∩ Intσ = ∅ implies that Intσ ⊂ C. (1)
Let bσ be the barycenter of σ , where σ is arbitrary simplex with 1 < dimσ  k−2. Find a simplicial PL neighbor-
hood of bσ in B such that S = bσ ∗ Lσ ∗ LB in the second barycentric subdivision of B as in [6, Lemma 3.1], where
LB is a link of σ in B and Lσ is a link of bσ in σ , in this second barycentric subdivision.
Then Lσ is an s-sphere, where s = dimσ − 1, and LB is a homology t-sphere, where t = k − dimσ − 1. Then
L = Lσ ∗LB is a (k − 1)-manifold. Now induction gives that p| :L′ = p−1L → L is an approximate fibration (since
L′ is (n + k − 1)-manifold by [6, Lemma 3.1]). Then the continuity set C|L of p|L′ contains a point of L ∩ Intσ ,
so C|L ∩ Intσ = ∅. We will show that the properties of the various Ψσ and (1) imply that Intσ ⊂ C and yield
C ⊃ B \B(1).
To show that C ⊃ C|L, take v ∈ C|L and any retraction R :p−1U → p−1(v), where U is a neighborhood of v
in B . Then U ∩ L = UL is a neighborhood of v in L and R| :p−1UL → p−1(v) is a retraction. Since v ∈ C|L, it
follows that v has another neighborhood U ′L ⊂ UL, such that R| restricts to a degree one map for all y ∈ U ′L. Now
take y ∈ U ′L \ v. There exists a unique simplex β in B such that y ∈ Intβ . Next look at the PL homeomorphism
Ψβ :p
−1(Intβ) → p−1(y)× Intβ . The restriction Ψβ | :p−1(x) → p−1(y)×{x} is a homeomorphism so has a degree
one. Then the composite map
p−1(x) Ψβ |−−→ p−1(y)× {x} ≈−→ p−1(y) R|−→ p−1(v)
V. Vasilevska / Topology and its Applications 155 (2008) 1140–1148 1143is a degree one map. This is true for all x in Intβ and all β in B such that U ′L ∩ Intβ = ∅. Then v ∈ C. So C ⊃ C|L
and C ∩ Intσ = ∅. Then (1) implies that Intσ ⊂ C.
Thus B \B(1) ⊂ C. 
An argument modeled on that of Theorem 2.2 and Lemma 2.1 leads to the following application.
Theorem 2.3. Let N be a Hopfian manifold that is a codimension-(k − 1) shape msimplo-fibrator and let
p :Mn+k → Bk be an N -shaped PL map, where M is a closed orientable PL (n + k)-manifold and B is a poly-
hedron. Then p is an approximate fibration over B \B(1).
3. Homology n-spheres as codimension-n shape msimpl-fibrators
The first result in this section reveals that Hopfian PL n-manifolds with Hopfian fundamental groups are
codimension-1 shape msimplo-fibrators.
Theorem 3.1. Suppose p :Mn+1 → B is an N -shaped PL map, where M is a closed orientable PL (n+ 1)-manifold,
N is a Hopfian PL n-manifold such that π1(N) is Hopfian, and B is a polyhedron. Then p is an approximate fibration.
Proof. By [4, Theorem 3.3′], it follows that B is a 1-manifold (without boundary) (so B is S1 or R). Take b ∈ B
and look at the retraction R :U → p−1(b), where U is a neighborhood of p−1(b) in M . For all x ∈ U we look at the
restriction R| :p−1([x, b]) → p−1(b), which is a retraction.
Then the inclusion-induced homomorphism
j∗ :Hi
(
p−1(x)
)→ Hi(p−1([x, b]))
is an isomorphism for all i [4, Corollary 6.3], and in particular,
j∗ :Hn
(
p−1(x)
)→ Hn(p−1([x, b]))
is an isomorphism. Since R|∗ :Hn(p−1([x, b])) → Hn(p−1(b)) is also an isomorphism (R being deformation retrac-
tion), the (absolute) degree of R|p−1(x) = jR| is one. Since N is Hopfian manifold with Hopfian fundamental group, it
follows that R|p−1(x) is a homotopy equivalence. Now Coram and Duvall’s characterization of approximate fibrations
in terms of movability properties [3] gives that p is an approximate fibration. 
Daverman proved that every Hopfian manifold with hyper-Hopfian fundamental group is a codimension-2 o-
fibrator [7, Theorem 5.4]. The same arguments show that:
Corollary 3.2. All Hopfian PL manifolds with hyper-Hopfian fundamental group are codimension-2 shape msimplo-
fibrators.
As noted in the Introduction, Daverman showed that most homology n-spheres are codimension-n fibrators [9,
Corollary 4.9]. He actually proved a more general result: that a Hopfian n-manifold N with Hopfian fundamental
group is a codimension-k fibrator if Hi(N) = 0 for 0 < i  k [9, Corollary 4.8] (this result follows from the work done
in [11]). Furthermore he proved a cohomological version of this result [8, Corollary 3.3] (concerning codimension-k
PL fibrators). Here we prove that these manifolds are codimension-k shape msimpl-fibrator using different approach.
The next theorem is a generalization of [12, Theorem 4.1].
Theorem 3.3. Suppose N is a Hopfian PL n-manifold such that Hi(N) = 0 for 0 < i < k  n, where k  2 and π1(N)
is a Hopfian group. Then N is a codimension-k shape msimpl-fibrator.
Remark 3.4. A closed manifold N with trivial first homology group is a codimension-k shape msimpl-fibrator if and
only if it is a codimension-k shape msimplo-fibrator, since the triviality of H1(N) guarantees that every copy of N
embedded in another manifold M has an orientable neighborhood there.
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First take k = 2. The triviality of H1(N) implies that π1(N) is perfect group. Since every Hopfian perfect group is
hyper-Hopfian [7, Lemma 4.1], Theorem 3.2 implies that N is a codimension-2 shape msimplo-fibrator.
We proceed by induction. Assume that N is a codimension-(k − 1) shape msimplo-fibrator, for 2 < k  n. We
prove that any N -shaped PL map p :Mn+k → Bk from a closed orientable PL (n + k)-manifold onto a triangulated
k-manifold B , is an approximate fibration.
Take any v ∈ B . Find S = v ∗L such that v is in the first derived subdivision of B and S is the stellar neighborhood
of v in the second derived subdivision of B (if v is a vertex in B , take S to be the stellar neighborhood of v in
the first derived subdivision of B) as in the Codimension Reduction Lemma of [6, Lemma 3.1]. Set S′ = p−1S and
L′ = p−1L. Name a strong deformation retraction R :S′ → p−1(v). From [6, Lemma 5.1], it suffices to show that
R|p−1(c) :p−1(c) → p−1(v) is a homotopy equivalence for any c ∈ L. Since N is a Hopfian manifold with Hopfian
fundamental group, it is enough to show that R is a degree one map. Since H˜r (p−1(v)) = 0 for all 0 r  k− 1, then
p∗ :Hr
(
S′, S′ \ p−1(v))→ Hr(S,S \ v)
is an isomorphism for 0 < r  k − 1 and a surjection for r = k by the Vietoris–Begle Theorem [20, Theorem 6.9.15].
Also
Hk
(
S′, S′ \ p−1(v))∼= Hn(p−1(v)) and Hk(S,S \ v) ∼= H 0(v)
by Lefschetz Duality [17, Theorem 70.2]. For r = k we have an epimorphism of one infinite cyclic group
(∼= Hn(p−1(v)) ∼= Hn(N)) onto another, hence p∗ is an isomorphism.
Similarly,
p∗ :Hr
(
S′, S′ \ p−1(c))→ Hr(S,S \ c)
is an isomorphism for any c ∈ S sufficiently close to v and for all 0 < r  k.
Then the following commutative diagram holds, where U is a connected open neighborhood of v in S having
compact closure and c ∈ U .
Hn(p−1(v)) ∼= Hk(S′, S′ \ p−1(v))
∼=−→ Hk(S,S \ v) ∼= H 0(v)
−→ −→∼= −→∼=
Hk(S
′, S′ \ p−1(U)) ∼=−→ Hk(S,S \U) ∼= H 0(U)
−→ −→ ∼=
−→ ∼=
Hn(p−1(c)) ∼= Hk(S′, S′ \ p−1(c))
∼=−→ Hk(S,S \ c) ∼= H 0(c)
This diagram gives a cohomology isomorphism between Hn(p−1(c)) and Hn(p−1(v)). Since
Ext(Hn−1(p−1(c);Z)) = 0 and Ext(Hn−1(p−1(v);Z)) = 0, by applying the Universal Coefficient Theorem [20,
Theorem 5.5.3] we obtain the following commutative diagram:
Hn(p−1(c))
∼=
(R|)∗
Hn(p−1(v))
∼=
Hn(p
−1(c)) (R|)∗ Hn(p−1(v))
which gives a homology isomorphism between Hn(p−1(c)) and Hn(p−1(v)).
Then R|p−1(c) has degree 1 and since N is a Hopfian manifold with Hopfian fundamental group, p is an approxi-
mate fibration. This implies that N is a codimension-k shape msimplo-fibrator. 
The next two corollaries follow from Theorems 3.1 and 3.3.
Corollary 3.5. If the homology n-sphere Σn is a Hopfian manifold with Hopfian fundamental group, then Σn is a
codimension-n shape m simpl-fibrator.
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4. Shape fibrators properties of homology n-spheres
In this concluding section we address the posted question from the Introduction: Which homology n-spheres are
codimension-(n+ 1) shape msimpl-fibrators?
First we include and prove some preliminary results that are needed later for proving our main theorem.
Our first statement is a generalization of [22, Lemma 5.3] in a sense that it asserts the result is true for Hopfian
manifolds. Actually the proof of [22, Lemma 5.3] shows that the result is true for Hopfian manifolds that are not
necessarily special. For completeness we will include the proof here.
Lemma 4.1. Let p :M → Rk , k  2, be an N -shaped PL map, where M is an open orientable (n+k)-manifold and N
a Hopfian n-manifold. Suppose T ⊂ Rk is a closed set with dimT  k−2. Then j	 :π1(p−1(Rk \T )) → π1(p−1(Rk))
is surjective, where j :p−1(Rk \ T ) → p−1(Rk) is an inclusion map.
Proof. First note that M = p−1(Rk) since p is a surjective map. Next, look at the following diagram, where
θ : M˜ → M is the universal covering of M :
M˜ \ θ−1(p−1T )
θ |
M˜
θ
M \ p−1T j M.
Take any non-identity element [α] ∈ π1(M,x0), where the base point x0 can be chosen not to belong in p−1T ,
since M is path connected.
The loop α in M based at x0 has a lifted path α˜ in M˜ such that α˜(0) = x˜0, and α˜(1) = x˜′0.
In order to prove that j	 is onto, first we need to prove that M˜ \ θ−1(p−1T ) is path connected. Since the universal
cover M˜ is not necessarily compact, we will use Alexander duality [20, p. 342]. Note that M˜ is an open manifold.
Let y ∈ T and f :p−1(y) → N be the given homotopy equivalence. So f |	 :π1(p−1(y)) → π1(N) is an isomor-
phism. Look at θ	(π1(θ−1p−1(y))) < π1(p−1(y)). Let N̂ be a covering of N corresponding to G < π1(N), where
G = f	(θ	(π1(θ−1p−1 (y)))), and let Ψ : N̂ → N be the corresponding covering map [16, Theorem 82.1].
Now consider the following long exact homology sequence of the pair (M˜, M˜ \ θ−1(p−1T ))
−→ Hi(M˜, M˜ \ θ−1(p−1T )) −→ Hi−1(M˜ \ θ−1(p−1T )) −→
−→ Hi−1(M˜) −→ Hi−1(M˜, M˜ \ θ−1(p−1T )).
By Alexander duality, Hi(M˜, M˜ \ θ−1p−1(y)) ∼= Hn+k−ic (θ−1p−1(y)).
Since N̂ and θ−1p−1(y) belong to the same proper homotopy class by [22, Lemma 5.2], the homotopy axiom
of Alexander cohomology implies that Hn+k−ic (θ−1p−1(y)) ∼= Hn+k−ic (N̂). But Hn+k−ic (N̂) ∼= 0 for i < k since
dim N̂ = n and k  2.
Since y is an arbitrary element of T (closed subset of Rk), it follows that Hi(M˜, M˜ \θ−1p−1(y)) ∼= 0, for i < k and
all y ∈ T . Then [22, Lemma 5.1] implies that Hj(M˜, M˜ \ θ−1(p−1T )) ∼= 0 for j = 0,1, . . . , r − l, where r = k − 1
and dimT = l  k−2. Since r − l  1, it follows that H0(M˜, M˜ \ θ−1(p−1T )) ∼= 0 and H1(M˜, M˜ \ θ−1(p−1T )) ∼= 0.
The exactness of the above sequence shows that H0(M˜ \θ−1p−1T ) ∼= H0(M˜) ∼= Z, which proves that M˜ \θ−1(p−1T )
is path connected.
By our choice of x0, {x0} ∩ p−1T = ∅ and we have that θ−1(x0) ∩ θ−1(p−1T ) = ∅ so that θ−1(x0) ⊂ M˜ \
θ−1(p−1T ), and hence
x˜0, x˜
′
0 ∈ M˜ \ θ−1
(
p−1T
)
.
Since M˜ \ θ−1(p−1T ) is path connected, there exists a path β˜ in M˜ \ θ−1(p−1T ) such that β˜(0) = x˜0 and β˜(1) = x˜′0.
Then β˜ is homotopic to α˜ in M˜ , since M˜ is simply connected. Hence θβ˜ is a loop homotopic to α = θα˜ in M .
Since im(θβ˜) ⊂ M \ p−1T , i.e., [θβ˜] ∈ π1(M \ p−1T ), and θβ˜  α, then j	 :π1(M \ p−1T ) → π1(M) is an
epimorphism. 
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be a Hopfian group. Then any N -shaped PL map p :Mn+k → T k from a closed orientable PL (n + k)-manifold M
onto a triangulated homology k-manifold T is an approximate fibration.
Proof. By Theorem 3.3 N is a codimension-k shape msimplo-fibrator.
First take k = 2. In this case T 2 is an actual 2-sphere, so the N -shaped PL map p :Mn+2 → T 2 is an approximate
fibration since N is a codimension-2 shape msimplo-fibrator.
We proceed by induction. Assume that any N -shaped PL map p :Mn+l → T l is an approximate fibration, for all
2 l  k − 1 < n, where k > 2.
We want to prove that any N -shaped PL map p :Mn+k → T k is an approximate fibration.
We know that C ⊃ T k \ (T k)(1) by Theorem 2.2.
Now, let σ be a simplex in T with dimσ = 1. Take bσ be the barycenter of σ . Find a simplicial PL neighborhood
of bσ in T such that S = bσ ∗Lσ ∗ LT in the second barycentric subdivision of T as in [6, Lemma 3.1], where LT is
a link of σ in T and Lσ is a link of bσ in σ , in this second barycentric subdivision.
In this case Lσ is a 0-sphere and LT is a homology (k − 3)-sphere. So L = Lσ ∗LT is a suspension of a homology
(k−3)-sphere, which is a homology (k−2)-manifold. But by induction, p|L′ :L′ → L ∼= Susp(LT ) is an approximate
fibration. Using the same arguments as in the proof of Theorem 2.2 we can conclude that C|L ⊂ C, which implies
Intσ ⊂ C and then C ⊃ T \ T (0).
Now take any v ∈ T (0). Find S = v ∗L, such that S is stellar neighborhood of v in the first derived subdivision of T
as in the Codimension Reduction Lemma [6, Lemma 3.1]. Set S′ = p−1S and L′ = p−1L. Name a strong deformation
retraction R :S′ → p−1(v). Similar arguments as in Theorem 3.3 show that R|p−1(c) :p−1(c) → p−1(v) is a degree
one map for all c ∈ L.
Since N is a Hopfian manifold with Hopfian fundamental group it follows that R|p−1(c) is homotopy equivalence
for any c ∈ L, so p is an approximate fibration. 
Theorem 4.3. Let N be a closed orientable PL n-manifold, homotopically determined by π1 with Hopfian fundamental
group. Also let p :Mn+k → Rk , k  3, be an N -shaped PL map from a closed orientable PL (n+ k)-manifold M onto
R
k (with respect to a possibly non-standard triangulation of the Euclidian space). If p is an approximate fibration
over Rk \ 0, then p is an approximate fibration.
Proof. We claim that in this setting p−1(0) is a strong deformation retract of M . Properties of ANRs ensure that
p−1(0) is a strong deformation retract in M of some neighborhood V . Let denote this strong deformation retrac-
tion with ψ :V → p−1(0). An appropriate deformation retraction of Rk into a neighborhood of 0 fixing a smaller
neighborhood of 0 can be lifted, by [2, Proposition 1.5], to a deformation of M into V while fixing a neighborhood
of p−1(0) throughout (first restrict to M \ p−1(0); after obtaining the desired lift on the deleted space fill in across
p−1(0) with the inclusion). Name this retraction with ϕ :M → V . Then R = ψ ◦ ϕ :M → p−1(0) is the required
strong deformation. Therefore π1(M) = π1(p−1(Rk)) ∼= π1(p−1(0)) ∼= π1(N).
We need to prove that R|p−1(y) is a homotopy equivalence for all y ∈ Rk \ 0.
Let y ∈ Rk \ 0. Since p is an approximate fibration over the homotopy (k − 1)-sphere Rk \ 0, the homotopy exact
sequence
π1
(
p−1(y)
)∼= π1(N) i	−→ π1(M \ p−1(0)) p|	−−→ π1(Rk \ 0)∼= 1
reveals that i	 is an epimorphism, so
i	
(
π1(N)
)= π1(M \ p−1(0)). (2)
From Lemma 4.1 it follows that j	 :π1(M \ p−1(0)) → π1(M) is onto, so
j	
(
π1
(
M \ p−1(0)))= π1(M). (3)
Now we have
π1
(
p−1(y)
)∼= π1(N) i	−→ π1(M \ p−1(0)) j	−→ π1(M) R	−→ π1(p−1(0))∼= π1(N).
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R	(j	(i	(π1(N)))) = π1(p−1(0)) (since R	 is onto being a strong deformation retract). Since (R|p−1(y))|	 :
π1(p−1(y)) → π1(p−1(0)) ∼= π1(N) is onto and π1(N) is Hopfian it follows that (R|p−1(y))|	 is isomorphism. The
property of N being homotopically determined by π1 implies that R|p−1(y) is a homotopy equivalence, so Coram and
Duvall’s characterization of approximate fibrations in terms of movability properties [3] gives that p is an approximate
fibration. 
In Section 3 it was proven that most homology n-spheres are codimension-n shape msimpl-fibrators (Corollary 3.5).
The n-sphere Sn represents the basic example of a homology n-sphere that is a codimension-n shape msimpl-fibrator
(Corollary 3.6) which fails to be a codimension-(n+ 1) shape msimpl-fibrator [9, Remark, p. 251]. On the other hand
[22, Example 8.3] provides an example of a homology 3-sphere (constructed in [15]) that is a codimension-4 shape
msimpl-fibrator but not a codimension-5 shape msimpl-fibrator. This example shows that there are homology-n spheres
which are Hopfian manifolds with non-trivial Hopfian fundamental groups yet are not shape msimpl-fibrators, since
they cannot be a codimension-(n + 2) shape msimpl-fibrators. The same example shows that the techniques we have
used cannot go beyond codimension-(n+ 1). Therefore we want to find which homology n-spheres (that are Hopfian
manifolds with non-trivial Hopfian fundamentals groups) are codimension-(n+ 1) shape msimpl-fibrators.
And now we state our promised main result.
Theorem 4.4. Let N be a closed orientable PL n-manifold homotopically determined by π1, with a Hopfian funda-
mental group and Hi(N) = 0 for 0 < i < k  n, where k  2. Then N is a codimension-(k + 1) shape msimpl-fibrator.
Proof. By Theorem 3.3 it follows that N is a codimension-k shape msimplo-fibrator for 2 k  n.
Let p :Mn+k+1 → Bk+1 be an N -shaped PL map from a closed orientable PL (n + k + 1)-manifold M onto the
triangulated (k + 1)-manifold B . By Theorem 2.3 it follows that p is an approximate fibration over B \B(1). We only
need to prove that B(1) ⊂ C.
Let σ be a simplex in B with dimσ = 1. Take bσ to be a barycenter of σ . Find a simplicial PL neighborhood of bσ
in B such that S = bσ ∗Lσ ∗LB in the second barycentric subdivision of B as in [6, Lemma 3.1], where LB is a link
of σ in B and Lσ is a link of bσ in σ , in this second barycentric subdivision.
In this case Lσ is a 0-sphere and LB is a homology (k − 1)-sphere, so L = Lσ ∗ LB ∼= Susp(LB) is a homology
k-manifold.
Then p|L′ is an approximate fibration, by Theorem 4.2. Using the same arguments as in the proof of Theorem 2.2,
we can conclude that C ⊃ B \B(0). Therefore p|p−1(B\B(0)) is an approximate fibration, by Lemma 2.1. Now we only
need to prove that B(0) ⊂ C, i.e., p is an approximate fibration over the vertices of B .
If every x ∈ B belongs to C, then we are done. So suppose there exists a vertex not in C. Since B \ C ⊂ B(0), we
can reduce our analysis immediately to the situation where B is identical to Rk+1 and p is an approximate fibration
over the complement of the origin. Then Theorem 4.3 implies that p is an approximate fibration over Rk+1, and we
can conclude that p is an approximate fibration over all of B . So N is a codimension-(k + 1) shape msimplo-fibrator
and by Remark 3.4 it follows that N is a codimension-(k + 1) shape msimpl-fibrator. 
Since every orientable special manifold is homotopically determined by π1, we have the following corollary:
Corollary 4.5. Let N be an orientable special PL n-manifold with a Hopfian fundamental group and Hi(N) = 0 for
0 < i < k  n, where k  2. Then N is a codimension-(k + 1) shape msimpl-fibrator.
The next corollary follows from Theorem 4.4 and reveals the answer to the posted question. It describes homology
n-spheres that are codimension-(n+ 1) shape msimpl-fibrators.
Corollary 4.6. Homology n-spheres that are homotopically determined by π1 and have Hopfian fundamental groups,
are codimension-(n+ 1) shape msimpl-fibrators.
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In conclusion, we list a few open problems in this area of research (some of these problems have already been
listed in other articles but for convenience we present them here):
1. [22] Is there any difference between codimension-2 PL (o)-fibrators and codimension-2 shape msimpl(o)-fibrators?
2. [22] Which closed 3-manifolds are shape msimpl-fibrators?
3. [9] Are all Lens spaces Ln codimension-2 fibrators? Note that [9, Example 3.9] assures that often Ln × Sn is not
a codimension-2 o-fibrator.
4. Are all rational homology n-spheres other than RPn	RPn codimension-n shape msimpl-fibrators? What about
codimension-(n+ 1) shape msimpl-fibrators?
5. Is the connected sum of two nonsimply connected manifolds N1	N2, where π1(N1) has at least 3 elements, always
a shape msimpl-fibrator?
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